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Abstract
A dynamic wetting problem is studied for a moving thin fiber inserted in fluid and with a
chemically inhomogeneous surface. A reduced model is derived for contact angle hysteresis by using
the Onsager principle as an approximation tool. The model is simple and captures the essential
dynamics of the contact angle. From this model we derive an upper bound of the advancing contact
angle and a lower bound of the receding angle, which are verified by numerical simulations. The
results are consistent with the quasi-static results. The model can also be used to understand the
asymmetric dependence of the advancing and receding contact angles on the fiber velocity, which
is observed recently in physical experiments reported in Guan et al Phys. Rev. Lett. 2016.
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I. INTRODUCTION
Wetting is a common phenomenon in nature and our daily life. It is a fundamental prob-
lem with applications in many industrial processes, like coating, printing and oil industry,
etc. In equilibrium state, wetting on smooth homogeneous surfaces can be described by the
Young’s equation [1]. It becomes much more complicated when the solid surface is geomet-
rically rough or chemically homogeneous [2–6]. The apparent contact angle on rough surface
is not unique even in equilibrium state. The largest contact angle is called the advancing
angle and the smallest is called the receding angle. The difference between them is called
contact angle hysteresis (CAH).
Theoretical study on the CAH is difficult due to its multiscale nature. The macroscopic
contact angles is affected by the microscopic roughness of the surface. Previous studies
mainly focus on quasi-static wetting problems on surface with simple geometry or chemical
inhomogeneity (see [7–14] among many others). For example, Joanny and De Gennes anal-
ysed the CAH on a surface with dilute defects [8]. Recently, Hatipogullari et al studied the
CAH in a two dimensional chemically heterogeneous microchannel [14]. Similar problems
have also been analysed in [13]. For three dimensional wetting problems on surfaces with
periodic roughness, there are only a few results. CAH is partly interpreted using the mod-
ified Wenzel and Cassie equations which are derived to describe the meta-stable states on
rough surfaces [15–18].
The understanding of CAH in the dynamic wetting problems is still very poor, although
there are some interesting observations in experiments[19, 20] and molecular dynamics simu-
lations [21]. One reason is due to the poor understanding of the moving contact line problem.
Both modelling and simulations of moving contact line (MCL) problems are challenging in
continuum fluid mechanics due to the inherently multiscale nature of MCL [22–30]. When
the solid surface is rough or chemically inhomogeneous, there are only a few numerical
studies (e.g. [31, 32]) and theoretical analysis [33] on the dynamic wetting problems.
Recently, a powerful approximation tool is developed by using the Onsager variational
principle[34, 35]. The main idea is to use the Onsager principle to derive a reduced model
for a set of slow variables. The reduced model is much simpler than the original PDE model
and it captures the essential dynamics of the slow variables. The method has been applied
successfully in many complicated problems in soft matter and also in hydrodynamics[36–
2
45]. The Onsager principle is capable to describe the moving contact line problem when the
capillary number is small and the inertial effect can be ignored. Actually the generalized
Navier slip boundary condition for contact line motion was derived by using the Onsager
principle [46].
In the paper, we use the Onsager principle as an approximation tool to study the dynamic
wetting problem on chemically inhomogeneous surface. We consider the contact line motion
on the surface of a thin fiber inserted in fluid. We derive a reduced model consists of two
ODEs for the dynamics of the contact angle and position of the contact line by using the
Onsager principle. The model is easy to analyse and also easy to solve numerically. Using
the model, we derive an upper bound for the advancing angle and a lower bound of the
receding angle. Numerical results show that the model can capture the essential features of
the dynamic CAH.
We show that the reduced model characterizes nicely the asymmetric dependence of the
advancing and receding contact angles on the fiber velocity. The interesting phenomenon
has been observed in the recent experiments [20]. It has been partly analysed by using a
phase-field model in [47, 48], which is a quasi-static model in which the viscous dissipation
of the fluid is ignored. The previous analysis shows that the asymmetric distribution of the
chemical inhomogeneity on the solid surface may induce the asymmetric dependence of the
advancing and receding contact angles on the velocity. Our analysis in this paper reveals
that the asymmetric dependence can also be caused by dynamic effects, since the receding
contact angle is more sensitive to the fiber velocity than the advancing angle.
The main structure of the paper is as follows. In section 2, we describe the main idea of
using Onsager principle as an approximation tool in free boundary problems. In section 3,
we use the method to derive a reduced model for the dynamic wetting problem. In section 4,
we show some numerical examples that demonstrate that the model captures the behavior
of the contact line motion and CAH nicely. In section 5, we give a few conclusion remarks.
II. THE ONSAGER PRINCIPLE AS AN APPROXIMATION TOOL
The Onsager principle is a variational principle proposed by Lars Onsager in his cele-
brated papers on the reciprocal relation[34, 35]. It has been widely used to derive the time
evolving equations in soft matter physics[49, 50], such as the Ericksen-Leslie equation in
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liquid crystals[51] and the gel dynamics equations[52] among many others. In fluid dynam-
ics, it has also been used to derive a generalized Navier Slip boundary condition for moving
contact line problems[46].
Recently, the Onsager principle has also been used as a powerful tool to solve approxi-
mately many problems in fluid and soft matter systems [36, 39, 41, 44]. In particular, some
free boundary problems in Stoksean hydrodynamics can be solved efficiently by the method
[38, 40]. The key idea is described as follows. Suppose we are considering a Stokesian hy-
drodynamic system which includes some free interfaces (interfaces between fluid and solid
or fluid and fluid). The interfaces are moving driven by certain potential forces (gravity,
surface tension, etc). Suppose that we are interested only in the time evolution of the free
interfaces. Let a(t) = {a1(t), a2(t), ..., aN(t)} be the set of the parameters which specify the
position of the boundaries. By ignoring the inertial effect, the evolution of the system is de-
termined approximately by using the Onsager principle for the parameter set a(t). The time
derivative a˙(t) = {a˙1(t), a˙2(t), ...a˙N(t)} is determined by minimizing the total Rayleighian,
which is a function of a˙
R(a˙, a) = Φ(a˙, a) +
∑
i
∂A
∂ai
a˙i, (1)
where A(a) is the potential energy of the system, and Φ(a˙, a) is the energy dissipation
function which is defined as the half of the minimum of the energy dissipated per unit
time in the fluid when the boundary is changing at rate a˙. Since the fluid obeys Stokesian
dynamics, Φ(a˙, a) is always written as a quadratic function of a˙.
Φ(a˙, a) =
1
2
∑
i,j
ζij(a)a˙ia˙j. (2)
The minimum condition of eq.(1)
∂Φ
∂a˙i
+
∂A
∂ai
= 0 or
∑
j
ζij(a)a˙j = −∂A
∂ai
, (3)
represents the force balance of two kinds of forces, the hydrodynamic frictional force ∂Φ/∂a˙i,
and the potential force −∂A/∂ai in the generalized coordinate. The equation (3) gives the
dynamics of the parameters a(t).
The main feature of the above approach is that the parameter set a = {ai} may not be a
full space to describe the system. It includes only a few slow variables we are interested in.
If a(t) are parameters depending only on time, we are led to a system of ordinary differen-
tial equations, which is much easier to solve and analyse than the standard hydrodynamic
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equations. In the following, we will use the idea to study the dynamic CAH problem on
chemically inhomogeneous surfaces.
III. THE ANALYSIS OF A DYNAMIC WETTING PROBLEM
Motivated by the recent physical experiments in [20], we consider a dynamic wetting
problem as shown in Figure 1. A thin fiber with chemically inhomogeneous surface is
inserted in a liquid reservoir. The liquid-air interface forms a circular contact line on the
fiber surface. By moving the fiber up and down through the interface with a constant velocity
v, the contact line moves along the surface. When the fiber moves down, the contact line
will advance to the upper dry part of the fiber surface. This corresponds to an advancing
contact angle. Otherwise, if the fiber moves up, this corresponds to a receding contact angle.
We are interested in the dynamic contact angle hysteresis in the process. In particular, how
the advancing and receding contact angles change with different velocity v.
FIG. 1. Fiber with chemically patterned surface in a liquid
To approximate the dynamic wetting problem described above by the Onsager principle,
we make some ansatz for the system. At time t, we assume the liquid-air interface is radial-
symmetric and described approximately by the function:
z = H(r) := h(t)− r0 cos θ(t) ln
(r +√r2 − r20 cos2 θ(t)
r0 cos θ(t)
)
, r ≥ r0. (4)
Here r0 is the radius of the fiber and it is much smaller than the capillary length rc; the height
h(t) and the dynamic contact angle θ(t) are two parameters to characterize the evolution of
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the interface. The function (4) is a solution of the Young-Laplace equation for the liquid-
air meniscus near a thin cylinder[3]. The assumption of the profile actually implies that
the liquid-air interface is in local equilibrium away from the contact line. This is a good
approximation when the velocity of the fiber is relatively small, i.e. the capillary number is
small in the system [40, 53].
Since the gravity will prevent the meniscus from extending indefinitely, we can assume
the lateral dimension of the meniscus does not exceed the capillary length rc. Suppose the
flat part of the liquid-air interface is given by z = 0, then we have H(rc) = 0. This leads to
h(t) = r0 cos θ(t) ln
(rc +√r2c − r20 cos2 θ(t)
r0 cos θ(t)
)
. (5)
It gives a restriction condition between h(t) and θ(t). In other words, the two parameters
are not independent. We can choose θ(t) as the only slow parameter to characterize the
evolution of the system. The evolving equation of θ(t) will be derived by using the Onsager
principle.
A. The surface energy
We first calculate the potential energy in the system. Since the length of the meniscus
is smaller than the capillary length, the gravitational energy can be ignored. The total
potential energy A is composed of some surface energies:
A = Aliquid + Afiber, (6)
where Aliquid and Afiber are the energy of the liquid-air interface and that of the fiber surface,
respectively.
Let L be the total length of the fiber and L0(t) be the length of the fiber under the
horizontal surface z = 0 at time t. Notice that the position of the contact line is given by
h˜ = h− r0 cos θ ln
(1 + sin θ
cos θ
) ≈ r0 cos θ ln ( 2rc
r0(1 + sin θ)
)
. (7)
In the approximation, we have used (5) and the assumption r0  rc. Then we have
Afiber = −2piγr0
∫ h˜
−L0(t)
cos θY (z, t)dz. (8)
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The Young’s angle θY (z, t) depends on z and t since the fiber surface is chemically inhomo-
geneous and it is moving relative to the horizontal surface z = 0. In addition, since the fiber
moves with a velocity v, we can assume θY (z) = θ˜Y (z − vt) for a given function θ˜Y , which
describes the distribution of the chemical inhomogeneity on the fiber.
The surface energy Aliquid is given by
Aliquid = 2piγ
∫ rc
r0
√
1 + (∂rH)2rdr. (9)
Direct calculations give
Aliquid = piγ
[
rc
√
r2c − r20 cos2 θ − r20 sin θ + r20 cos2 θ ln
(rc +√r2c − r20 cos2 θ
r0(1 + sin θ)
)]
. (10)
To use the Onsager principle, we need compute the derivative of the total energy with
respect to θ. From (8), it is easy to compute
dAfiber
dθ
=
dAfiber
dh˜
dh˜
dθ
= −2piγr20 cos θ˜Y (h˜− vt)g(θ), (11)
with
g(θ) = r−10
dh˜
dθ
≈ −[ sin θ ln ( 2rc
r0(1 + cos θ)
)
+ 1− sin θ]. (12)
By direct calculations from (10), we obtain
dAliquid
dθ
=piγr20
[ rc cos θ sin θ√
r2c − r20 cos2 θ
− cos θ − 2 sin θ cos θ ln
(rc +√r2c − r20 cos2 θ
r0(1 + sin θ)
)
+
cos2 θ
rc +
√
r2c − r20 cos2 θ
· r
2
0 sin θ cos θ√
r2c − r20 cos2 θ
− cos
3 θ
1 + sin θ
]
≈piγr20 cos θ
[
sin θ − 1− 2 sin θ ln ( 2rc
r0(1 + sin θ)
)
+
r20
2r2c
cos2 θ sin θ − cos
2 θ
1 + sin θ
]
≈2piγr20 cos θg(θ).
Here we use r0  rc in the above approximations. Combining the above analysis, we obtain
dA
dθ
=
dAliquid
dθ
+
dAfiber
dθ
≈ 2piγr20g(θ)
[
cos θ − cos θ˜Y (h˜− vt)
]
. (13)
This is a general force which makes the dynamic contact angle θ to relax to its equilibrium
value (the Young’s angle).
7
B. The energy dissipation
We then compute the viscous energy dissipations in the system. Since the capillary
number is small, we can assume the viscous dissipations near the contact line is dominant
in the system[3]. When the contact angle θ is small, the Rayleigh dissipation function is
approximately given by [3]
Φ =
3piηr0
θ
| ln ε|U2, (14)
where U is the slip velocity of the contact line on the fiber and ε is a cut-off parameter to
avoid the singular integration. The formula (14) can be derived by computing the viscous
energy dissipation in a two dimensional wedge region as shown in Figure 2 by lubrication
approximations. It works only when θ  1.
FIG. 2. Fluid near a contact line
When the contact angle θ is large, we need an alternative calculations for the viscous
dissipations. Here we adopt the method in [22]. We first compute the dissipation in the two-
dimensional wedge region. As shown in Figure 2, we choose a polar coordinate system. The
origin O is set at the contact point. The liquid region is given by {(r, φ)|r > 0, 0 < φ < θ}.
Suppose the solid surface moves with a velocity U . The velocity field of the liquid is described
by the Stokes equation. By the incompressibility condition, we can define a stream function
ψ(r, φ) = r(a sinφ+ b cosφ+ cφ sinφ+ dφ cosφ), (15)
where a, b, c and d are parameters to be determined. Then the velocities in the radial and
angular directions are given by
vr = −1
r
∂φψ, vφ = ∂rψ. (16)
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The boundary conditions of the fluid equation are
∂rψ = 0 on φ = 0 and φ = θ, r > 0,
−1
r
∂φψ = U on φ = 0, r > 0,
∂φφψ = 0 on φ = θ, r > 0.
(17)
Here we adopt a no-slip boundary condition on the solid surface and set the normal velocity
and the tangential stress to be zero on the liquid-air interface. By substituting the equation
(15) to the boundary conditions (17), we obtain
a = − θU
θ − sin θ cos θ , b = 0, c =
sin2 θU
θ − sin θ cos θ , d =
sin θ cos θU
θ − sin θ cos θ (18)
Then the equation (16) leads to vr = −
[
(a+ d) cosφ+ c sinφ+ cφ cosφ− dφ sinφ],
vφ = a sinφ+ cφ sinφ+ dφ cosφ,
(19)
where a, c, d are given in (18). Let r and n be the unit vectors along the radial and angular
directions, respectively. Direct computations yield
∇v = 2
r
(d sinφ− c cosφ)nrT .
Then the total viscous energy dissipation in the two dimensional wedge (liquid) region can
be computed out as
Ψ =
∫ ∫
η|∇v|2rdφdr = 2η| ln ε| sin
2 θU2
θ − sin θ cos θ ,
where ε is the cut-off parameter.
Using the above analysis result, the energy dissipation in our system can be approximated
by 4pir0Ψ. Then the Rayleigh dissipation function Φ, which is defined as half of the total
energy dissipation, is given by
Φ = 2piηr0| ln ε| sin
2 θ
θ − sin θ cos θU
2. (20)
The formula is consistent with the equation (14) when the contact angle is small. Actually,
when θ  1, sin θ ∼ θ − θ3
6
+ · · · , cos θ = 1− θ2
2
+ · · · , we easily have sin2 θ
θ−sin θ cos θ ∼ 32θ . The
equation (20) will reduce to (14).
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In Equation (20), U is the relative velocity of between the fiber and the contact line. In
our case, it is written as
U = ˙˜h− v = dh˜
dθ
θ˙ − v = r0g(θ)θ˙ − v,
where we have used (12). Then the Rayleigh dissipation function is
Φ =
2piηr0| ln ε| sin2 θ
θ − sin θ cos θ
(
r0g(θ)θ˙ − v
)2
. (21)
We can further compute
dΦ
dθ˙
=
4piηr20| ln ε| sin2 θ
θ − sin θ cos θ g(θ)
(
r0g(θ)θ˙ − v
)
. (22)
C. The evolution equation for the dynamic contact angle
By using the Onsager principle for the dynamic contact angle, we have ∂Φ
∂θ˙
+ ∂A
∂θ
= 0.
Combining with the previous analytic results, we obtain a dynamic equation for the contact
angle θ,
2η| ln ε| sin2 θ
θ − sin θ cos θ (r0g(θ)θ˙ − v) + γ
[
cos θ − cos θ˜Y (h˜− vt)
]
= 0. (23)
Introduce a notation
f(θ) =
θ − sin θ cos θ
2| ln ε| sin2 θ . (24)
The equation (23) is simplified to
θ˙ = (r0g(θ))
−1[v − v∗f(θ)(cos θ − cos θ˜Y (h˜− vt))]. (25)
where v∗ = γ
η
and h˜ is given in (7). This is an ordinary differential equation for θ and can
be solved easily by standard numerical methods.
For convenience in applications, we can rewrite (25) into a different equivalent form.
Introduce a new variable Z = h˜ − vt, which represents the position of the contact line
relative to the fiber surface. By (12) and (25), we can compute
dZ
dt
=
dh˜
dθ
θ˙ − v = r0g(θ)θ˙ − v = −v∗f(θ)
[
cos θ − cos θ˜Y (Z)
]
.
The equation (25) is equivalent to an ordinary differential system for θ and Z: θ˙ = (r0g(θ))−1
[
v∗f(θ)(cos θ˜Y (Z)− cos θ) + v
]
,
Z˙ = v∗f(θ)(cos θ˜Y (Z)− cos θ),
(26)
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where the dimensionless notations f(θ) and g(θ) are given in (24) and (12), respectively. The
structure of the system (26) is similar to a model derived from the analysis of the phase-field
equation in [47], where the viscous dissipation is ignored.
D. Discussions
In general the ODE system (26) can not be solved explicitly. But we can do some simple
analysis to give some physical understandings for the equation. We first consider the case
when the fiber surface is homogeneous. We can assume θ˜Y ≡ θ0 for a constant θ0. Then the
two equation in (26) are decoupled. The evolution of the dynamic contact angle θ can be
determined solely by the first equation. It is easy to see that there exists a steady state, in
which the contact angle does not change with time, when
v = v∗f(θ)(cos θ − cos θ0). (27)
The equation gives a relation between the capillary number Ca = v/v∗ and the dynamic
contact angle θ. It can be rewritten as
θ = G(θ0, Ca), (28)
where G is an implicit function. This implies that the dynamic contact angle in steady
state is determined the Young’s angle and the capillary number. By solving the nonlinear
algebraic equation (27) numerically, we draw a curve for θ = G(θ0, Ca) for θ0 in Figure 3.
The curve shows that the dynamic contact angle in steady state is a monotone function
with respect to Ca. The equilibrium contact angle is equal to the Young’s angle θ0 when
Ca = 0. When Ca > 0(the fiber moves up), the dynamic contact angle corresponds to a
receding angle such that θ < θ0. When Ca < 0(the fiber moves down), θ corresponds to an
advancing contact angle which is larger than θ0. The results are consistent with those in
previous analysis [3, 23, 38].
When the fiber surface is chemically inhomogeneous, it is more difficult to analyze for the
equation (26). We consider a special case where the surface is composed by two materials
with different Young’s angles θY 1 and θY 2 (suppose θY 1 > θY 2). The two materials are
distributed periodically on the surface. If the period is large, the motion of the contact line
on one material is like that on a homogeneous surface. The dynamic contact angle may
11
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FIG. 3. The relation between the dynamic contact angle and the Capillary number in steady state.
alternate between two different steady states. The corresponding dynamic contact angles
are θ1 = G(θY 1, Ca) and θ2 = G(θY 2, Ca), respectively. Since θY 1 > θY 2, θ1 gives an upper
bound for the contact angle while θ2 gives a lower bound. In the next section, we will verify
this numerically. When Ca goes to zero, θ1 and θ2 will converge to θY 1 and θY 2, respectively.
This is consistent with the previous analysis for the quasi-static CAH in [13, 14].
IV. NUMERICAL RESULTS
We show some numerical results for the equation (26) for some chemically inhomogeneous
fiber surfaces. We assume that θ˜Y (z) is a period function with a period l such that δ =
l/rc  1. Then we can write θ˜Y (z) = ϑY ( zl ), with a function ϑY (·) being a function with
period 1.
We non-dimensionalize the equation (26). Suppose the characteristic velocity is given by
the velocity v∗ = γ
η
and the characteristic length scale is the capillary length rc. Then the
characteristic time is given by tc = rc/v
∗. Introduce some dimensionless parameters δ0 = r0rc
and Ca = v
v∗ , and use Z˜ to represent the dimensionless coordinate
Z
rc
, then the system (26)
could be rewritten as θ˙ = (δ0g(θ))−1
[
f(θ)(cosϑY (
Z˜
δ
)− cos θ) + Ca
]
,
˙˜Z = f(θ)(cosϑY (
Z˜
δ
)− cos θ).
(29)
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Here the function f(θ) is given in (24) and g(θ) can be rewritten as
g(θ) = − sin θ ln
( 2δ−10
1 + sin θ
)
+ sin θ − 1.
For simplicity in notations, we still use Z to represent the dimensionless Z˜ hereinafter.
The equation (29) can be solved easily by the standard Runge-Kutta method. We set
δ0 = 4.03 × 10−4 which is chosen from [20]. The cut-off parameter is chosen to satisfy
ln ε = 13.8, which is a typical value used in literature[3]. In the following, we show some
numerical results for some special choices of ϑY (z).
In the first example, we choose θ˜Y (z) = 110
o + 8o · sin(2piz/δ). This is a smooth periodic
function. The maximal Young’s angle is θY max = 118
o and minimal Young’s angle is θY min =
102o.
We first set |Ca| = 0.0001 and test for different period δ. In this case, the capillary
number is very small so that it is very close to a quasi-static process. Some typical numerical
results are shown in the first two subfigures of Figure 4. They are the trajectories of the
solution of (29) in the phase space. Both the dynamic contact angle and receding contact
angles are shown with respect to Z. When the oscillation of the Young’s angle θ˜Y is weak
(δ = 0.003), the advancing and receding cases have almost the same trajectory in the
phase space. There seems no hysteresis. When δ decreases, the stronger oscillation of θ˜Y
corresponds to stronger chemical inhomogeneity. Then the advancing and receding processes
may follow different trajectories. When δ = 0.0003, there is obvious CAH phenomenon. The
advancing and receding contact angles oscillate around different values. The largest dynamic
contact angle is about 118.02o ≈ G(θY max,−|Ca|) and the smallest contact angel is about
101.9o ≈ G(θY min, |Ca|). Here G is an implicit function given in (28). Since the capillary
number is very small, the two angles are very close to the largest Young’s and smallest
Young’s angles in the system.
We then set |Ca| = 0.0025 and test for different δ. Some typical numerical results are
shown in the last two subfigures of Figure 4. We can see that when the inhomogeneity
is relatively weak (δ = 0.003), the advancing and receding processes follow different but
partially overlapped trajectories. The largest advancing contact angle is about 119.33o ≈
G(θY max,−|Ca|) and the smallest receding contact angle is about 99.12o ≈ G(θY min, |Ca|).
When the chemical inhomogeneity becomes strong enough (e.g. δ = 0.0003), the trajectories
separate completely for the advancing and receding cases. This corresponds to obvious CAH.
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The largest advancing contact angle is slightly smaller than the upper bound 119.33o and
the advancing contact angle is slightly larger than the lower bound 99.12o. This is because
the strong inhomogeneity and the large velocity of the fiber make the motion of the contact
angle away from a steady state.
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FIG. 4. Trajectories of the dynamic contact angles and the contact line positions in phase plane
for different δ and Ca. (Example 1)
In the second example, we set θ˜Y (z) = 100
o+20o ·tanh(10 sin(2piz/δ)). This approximates
a chemically patterned surface with different Young’s angles θA = 120
o and θB = 80
o.
We first set |Ca| = 0.0001 and test for different δ. Some typical numerical results are
shown in the first two subfigures in Figure 5. We see that the advancing and receding
trajectories do not coincide even for very large period δ (e.g δ = 0.03). This is different
from the case when θY is a smooth function as in the first example. The phenomena are like
that the pinning of the contact line by a single defect in quasi-static processes[5, 8]. When
δ becomes small enough, the two trajectories separate completely. When δ = 0.0003, the
advancing and receding contact angles oscillate around different values. The largest contact
angle is almost equal to the upper bound 120.00o ≈ G(θA,−|Ca|) and the smallest contact
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angle is almost equal to the lower one 79.83o ≈ G(θB, |Ca|). Since |Ca| is small, the two
values are close to the two Young’s angles. The results are consistent to the previous analysis
for the quasi-static CAH on chemically patterned surface[13, 14].
We then set |Ca| = 0.0025 and test for different periods δ. Some typical numerical
results are shown in the last two subfigures in Figure 5. We can observe clear stick-slip
behaviour for δ = 0.003. The stick behaviour corresponds to the case that the position of
the contact line does not change much while the contact angle change dramatically. The slip
behaviour corresponds to a process that both the contact line and the contact angle change
dramatically(the slope parts on the trajectories). The advancing and receding processes have
different but slightly overlapped trajectories. The largest advancing angle almost equal to
the upper bound 121.29o = G(θA,−|Ca|) and the smaller receding angle is almost the lower
bound 76.52o = G(θB, |Ca|). When the contact angles reaches the upper and lower bounds,
there exist some steady states that the contact angles does not change while the contact
line moves. When δ = 0.0003, the advancing and receding trajectories separate completely.
The advancing contact angle is slightly smaller than the upper bound (121.29o) and the
receding contact angle is slightly larger than the lower one (76.52o). This is because there
is no steady state in the advancing or receding processes. However, the deviation is smaller
than that in the previous example(comparing with the last two subfigures in Figure 4).
In the last example, we investigate in more details on how the dynamic CAH be affected
the fiber velocity. We choose θ˜Y as that in the first example, which is a smooth function. We
do numerical simulations for various capillary numbers |Ca| = 0.0025, 0.05, 0.01 and 0.02.
Some numerical results are shown in Figure 6. The first subfigure corresponds to the case
δ = 0.0003 and the second is for the case δ = 0.00003. Similar to that in Figure 4, we could
see clearly the CAH in all these cases. We could also see that the advancing contact angle
increases and the receding contact angle decreases when the absolute value of the capillary
number increases(i.e. when the fiber velocity increases). More interesting, the dependence
of the advancing and receding contact angles on the velocity are asymmetric in the sense
that the receding angle changes more dramatically than the advancing angle. This can be
explained by the behaviour of G(θ, ·) as shown in Figure 3. the slope of the curve in the
receding part is larger than that in the advancing part. This implies that the receding angle
will change more dramatically than the advancing angle. The asymmetric dependence of
the CAH on the velocity is consistent with that observed in physical experiments. The third
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FIG. 5. Trajectories of the dynamic contact angles and the contact line positions in phase plane
for different δ and Ca. (Example 2)
subfigure in Figure 6, which is taken from [20], shows the velocity dependence of CAH in
experiments. We can see that the behaviour of the dynamic CAH is very like that in our
numerical simulations. Finally, we would like to remark that similar phenomenon has been
observed in a pure phase-field model[48], without considering the viscous dissipation in fluid.
The numerical results by the reduced model (29) are more consistent with the experiments
quantitatively, since viscous dissipations are correctly included by the Onsager principle.
V. CONCLUSIONS
We develop a simple model for dynamic CAH on a fiber with chemically inhomogeneous
surface by using the Onsager principle as an approximation tool. The model is an ordinary
differential system for the apparent contact angle and the contact line. It is easy to analyse
and to solve numerically. The analytical and numerical results show that the model captures
the essential phenomena of the CAH. By using the model, we derive an upper bound for
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FIG. 6. Asymmetry dependence of the advancing and receding contact angles on the wall velocity.
The last subfigure shows the experimental results in [20]
.
the dynamic advancing contact angle and a lower bound for the receding angle. The model
is able to characterize the asymmetric dependence of the advancing and receding contact
angles on the fiber velocity, which has been observed in recent experiments.
Finally, we would like to remark that the real solid surface in experiments is more com-
plicated than the setup in this paper. The chemical inhomogeneity or geometrical roughness
of the solid surface may be random and the distribution of defects may lead to very compli-
cated contact line motion. For example, many sophisticated phenomena have been observed
in [54]. In addition, the heat noise may also affect the relaxation behaviour of the contact
line when the radius of the fiber is in micro-scale. These effects will be studied in future
study.
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